Volume of Revolved Solids

A PowerPoint presentation on how to
find the volume of revolved solids in

Calculus Il.
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DISK METHOD

hl
f (nr?) dh
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To find the volume of a cylinder,
take the area of the base of the
cylinder, which is the area of a

circular “disk”, (mr?), and integrate
that area over the height, dh,

y from the bottom of the cylinder,
nfrdh

1

h, Because the integral is over dh,
— (nrzjfd h ris considered a constant, and
h'I

we integrate just | dh.

= (m)(h, - h)
= Tir‘h

MNotice that this is the formula for the

volume of a cylinder that is provided in
geometry courses.

h. h,to thetop, h..
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Disk METHOD FORMULA

V = nﬁzdh

h
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Disk Method

Vertical Rotation
(about y-axis, or about vertical line, x = a)

If the area region is rotated about a vertical
line, then the “height” will be in a vertical
direction: dh =ﬁl;-,r

V=mn r;dh

Disk Method

h1 X,
e 2
Main Menu, | — _[[r(x)] dx 3

Horizontal Rotation
(about x-axis, or about horizontal line, y = b)

P | —
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L=
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If the area region is rotated about a
horizontal line, then the “height” will be in a

horizontal dilflectinn: dh = dx.

=T ﬁfdh




Disk Method Example:

Find the volume generated by revolving the
enclosed region about the y-axis.
Region is bound by y = 4 - x, x-axis, y-axis.

In this example, the region is revolved
about the y-axis, a vertical line.

In this situation, the radius will then be a
horizontal line, and the height will be
vertical.

In disk method, integration is over the
height, and with a vertical axis of rotation:

dh = dy
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Disk Example Solution:

Disk METHOD FORMULA
h

V — nﬁ;dh

h

Find the volume generated by revolving the enclosed region about the y-axis.
Region is bound by y = 4 - x, x-axis, y-axis.
Yy=4-X yai

d h — dy — Rotation is about vertical line b
h -— — 0 —Shaded region starts at y=10.

1 y1
e A P e et )

2 yE
i By examining the graph of the region,

we see the radius (distance from axis of
rotation through the region) is x.

h,

V=n/rrdh ’

4
= nﬁz dx =n(1/3)x*| = 64n/3
0

Mote: This is the same volume one would get using the geometric formula

for the volume of a cone: V= (n/3)r*h = (m/3)(4%)(4) = 64n/3.
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identical to Disk method. The
j‘{wﬁ2 mr?) dh
cylinder. The total area of the

WasHer MEeTHOD Washer method is almost
only difference is the gap of an
inner cylinder within the outer
2 ) ring, or “washer” shape is the
R =r) 4. area of the outer circle, R?,

- -——— g D, : :
-— minus the area of the inner
circle, mir?.
2 r -. — )
= f i el WasHER METHOD ForMuLA

(JTR2 nr?) |dh ’
f \/ = n|(R?-r) dh

= (MR2-1r)(h, - h.) h

L A
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Washer Method Washer Method

Vertical Rotation Horizontal Rotation
(about y-axis, or about vertical line, x = a) (about x-axis, or about horizontal line, y = b)
D, i g i

| I

.f \

S e / /
If the area region is rotated about a vertical If the area region is rotated about a
line, then the “height” will be in a vertical horizontal line, then the “height” will be in a
direction:dh = d:,r horizontal diﬁectinn:dh =dx.
2
V= fR2 ) d V=m[(R2- ) dh
h1
}{2
f([R( )12 - [r(y)]?) d =T f([R(x)F - [r(x)]?) dx
<) Y, Main Menu. X, =




Washer Method Example:

Find the volume generated by revolving the
enclosed region about the line y = 4. y= 4 -X  yapis
Region is bound by y = 4 - x, x-axis, y-axis.

y=4_ | |

In this example, the region is revolved about
y =4, a horizontal line.

In this situation, the radius will then be a
vertical line, and the height will be horizontal.

In washer method, integration is over the
height, and with a horizontal axis of rotation:

dh = dx
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Washer Example Solution: | “» i

h]‘
Find the volume generated by revolving the endlosed region about the liney = 4. V = T‘IﬁR] = I'E} dh
Region is bound by y = 4 - x, x-axis, y-axis. h
y—elxis

X

dh = d)(— Rotation is about horizontal line Y = i~

h =) :O—Shadedreginnstartsatx={].
1 1

Ta J

=4 L
h = X = 4 ——Shadedregionendsatx=4. y
2 2

H = =L By examining the graph of the region,
r 4 y X we see the radius (distance from axis of R -4
R T 4 rotation to the region) is4 -y

The smaller radius, r, is the distance from the axis of
rotation to the line y = 4 - x. This distance is 4 - v.

Since "y"is the y-coordinate on the line y = 4 - x, we plug in
y =4 -xinto theradiusformulatogetr=4-y=4-{4-x) =
*. Our integral formula is then:

4 ;
= . |
—_— 2 2 gL 2
V Wt nﬁR —~ § ) d}{ = T[ﬁ4 F KZ) d}( Mote: This is the same region and same rotaion
4 0 4 as in the Shell example, and even though a
different method was used {Washer vs Shell),

Tr(1 6}{ = (1"?')}{3) |ﬂ = 128]'.“!3 the volume is the same:128n/3.
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SHELL METHOD[

s

f 2rrh dr

r,

r

thfrh dr

T,

V=2nhﬁdr

= 2imh(2)r?

=11r*h

Shell method, like disk and
washer methods, integrates an
area to get a volume. However, in
shell method, the area is the
lateral surface area of the
cylinder, 2nirh, integrated over
the radius, dr.

Notice however, that the final volume is still
nir*h, the volume of a cylinder, V = nir*h.
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SHELL MIETHOD FORMULA

r

\ =2n/| rhdr




Shell Method

Vertical Rotation

(about y-axis, or a
|

bout vertical line, x = a)

[ ———

If the area region is rotated about a vertical
line, then the “radius” will be in a horizontal

direction:dr = n:rlx,

VZZHJ.hrdr

L X

E= 21:[?1(}{) r(x) dx

1

Shell Method

Horizontal Rotation
(about x-axis, or about horizontal line, y = b)

|
|

o

If the area region is rotated about a
horizontal line, then the “radius” will be in a

vertical direction: dr = dy.
r

VZZHﬁrdr

1 FE

= ﬁm (y) dy
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Shell Method Example:

Find the volume generated by revolving the
enclosed region about the line y = 4. y= 4 -X  yapis
Region is bound by y = 4 - x, x-axis, y-axis.

y=4_ | |

In this example, the region is revolved about
y =4, a horizontal line.

In this situation, the height will be a
horizontal line and the radius will be vertical.

In shell method, integration is over the
radius, and with a horizontal axis of rotation

and vertical radius:

dr=dy




Shell Example Solution:

Find the volume generated by revolving the endlosed region about the liney = 4.
Region is bound by y = 4 - x, x-axis, y-axis.

dr = dy ———— Rotation is about horizontal line Y = 4 -x

— — | | — Shaded region starts at y = 0.
r 1 y1 0

= — /]— Shaded region ends aty = 4.
r2 yz 4

= 4 _ Af—— Byexamining the graph of the region,
y we see the radius (distance from axis of

h =X = 4 - y rotation to the region) is4 -y

The“height” of the region is the horizontal distance from
the y-axis to some arbitrary (x, y) point on the liney=4-x.

y=4_ | |
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SheLL METHOD FoRMULA

r

V= 2r:frh dr
y—elxis

I

Since "x"is a the x-coordinate of a point on the liney =4 -
x,wecansolvey=4-xforxtogetx=4-y,andsoh=x=
4 - y. Our integral formula is then:

V="2n hde = 2n|(4-y)(@4-y)dy

-2n1(1/3)(4-y)*| = 128n/3

E | Main, Menu,

Mote: This is the same region and same rotaion
as in the Washer example, and even though a
different method was used (Shell vs Washer)
the volume is the same, 128mn/3.
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Disk METHOD C::EJ? SHELL METHOD
2 2
f r) ah : - f}lnrh dr
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Formula Summary

Disk METHOD FORMULA
h2
V= nfrdh
h'I

-

SHELL METHOD FORMULA

V =2n| rhdr

n

K

Rotation about

. vertical axis: dh = dy

Rotation about
horizontal axis: dh = dx

r
qr\ 2

_ Rotation about horizontal axis: dr = dy
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WasHER METHOD FORMULA
h

2

\ = (R2- ) dh

h

" Rotation about vertical axis: dr = dx
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